Journal of Mathematical Chemistry 13 (1993) 273-316 273

Unitary group tensor operator algebras
for many-electron systems:
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Relying on our earlier results in the unitary group Racah-Wigner algebra, specifically
designed to facilitate quantum chemical calculations of molecular electronic structure, the ten-
sor operator formalism required for an efficient evaluation of one- and two-body matrix ele-
ments of molecular electronic Hamiltonians within the spin-adapted Gel’fand-Tsetlin basis is
developed. Introducing the second quantization-like creation and annihilation vector opera-
tors at the unitary group [U(n)] level, appropriate two-box symmetric and antisymmetric irre-
ducible tensor operators as well as adjoint tensors are defined and their matrix elements
evaluated in the electronic Gel’fand-Tsetlin basis as single products of segment values. Using
these tensor operators, the matrix elements of one- and two-body components of a general elec-
tronic Hamiltonian are found. Explicit expressions for all relevant quantities pertaining to at
most two-column irreducible representations that are required in molecular electronic struc-
ture calculations are given. Relationships with other approaches and possible future extensions
of the formalism to partitioned bases or spin-dependent Hamiltonians are discussed.

1.Introduction

In the first communication of this series [1]*', referred to in the following as
PartI, we have formulated the basic principles of unitary group Racah—-Wigner cal-
culus in a form that is particularly suitable for applications of the unitary group
approach (UGA) [2-5] to many-electron systems (for review see refs. [6-14]). In
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#!In the following, this paper is referred to as Part I. We wish to point out a couple of misprints that
crept into table 2 of Part I. For the I; (I,) factors (the last column for single occupancy), the factor
(b + e + t + 2) appearing in the numerator of the type Cisoscalar factor should read (b — e + ¢ + 2)
and, further, the factor (e + 1)in the denominator for the type D should equal (e + 2).
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this case, when only one- and two-column irreducible representations (irreps)
come into play, multiplicity problems may be avoided, so that a relatively simple
and versatile formalism results affording an efficient spin-adaptation of various
quantum chemical methods that are used in investigations of molecular electronic
structure (see, for example, refs. [15-29]).

In contrast to general approaches to U(n) Racah-Wigner calculus [30-33],
whose objective is an exhaustive treatment of the problem that invariably leads to a
rather formidable formalism, the present approach is entirely based on the well-
known duality between unitary group U(n) and symmetric group Sy representa-
tion theory and affords a relatively simple machinery enabling the development of
efficient algorithms for electronic structure calculations. Indeed, the main objec-
tive of this series of papers is to provide yet another viewpoint on the existing UGA
methodologies and to maximally exploit the interrelationship between the
U(n), Sy (see, e.g., refs. [34-36]) and SU(2) (see refs. [36-38]) approaches, obtain-
ing a sufficiently general yet simple formalism that combines the convenient fea-
tures of all the above listed approaches while enabling an extension to partitioned
bases[1,39,40] or spin-dependent Hamiltonians [41].

In Part I of this series we have thus introduced the vector coupling of Clebsch—
Gordan (CG) coefficients for both the U(n) and Sy groups and the related isoscalar
factors or reduced Wigner coefficients. We employed the U(n)-Sy reciprocity of
tensor product representations to interrelate the U(n) and Sy isoscalar factors. In
addition to standard (GT for U(n) and genealogical for Sy) bases we also consid-
ered non-standard or partitioned bases that are essential for an eventual partition-
ing of larger molecular systems into their basic constituents. The derivation of
explicit expressions for the isoscalar factors for the relevant two-column irreps was
then based on the Sy representation theory, since in this way we were able to
achieve an orbital number (n) independent formalism that enables an open-ended
implementation for arbitrary basis sets defining the electronic model Hamiltonians
exploited in quantum chemical computations. We have further examined U(n)
Racah coefficients and derived explicit expressions for those that are pertinent to
the UGA formalism.

In this part of our series we shall concentrate on the development of the U(n) irre-
ducible tensor operator formalism and will exploit it to evaluate one- and two-
body matrix elements within the standard UGA spin-adapted GT bases. We thus
first summarize the necessary basic facts about the U(n) irreducible tensor opera-
tors in section 2 and introduce a convenient scaling of CG coefficients, isoscalar
factors and reduced matrix elements that will enable us to considerably simplify the
resulting formalism. We then introduce creation and annihilation-type vector
operators at the U(n) level that will allow us to cast the entire formalism into a sim-
pler form, thus facilitating a straightforward derivation of expressions for various
matrix elements (MEs) that are required in practical implementations of UGA.
These operators are reminiscent of those employed in both the second quantization
formalism (at the U(2n) spin-orbital level of the theory) and U(n) boson calculus
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[30-33], but are unique and specific in that their definition is motivated by the Sy
representation theory and due to the fact that they avoid the necessity to consider
more than two-column irreps at any level of the theory (cf., e.g., very elegant and
powerful Green—~Gould [42-44] formalism based on invariant polynomial identi-
ties and related projection operators). The usefulness of these creation and annihi-
lation-type vector operators is then demonstrated in section 4 where the standard
segment level formulas are derived for U(n) generator MEs. At the same time, this
derivation provides a new viewpoint on the group theoretical structure of various
segment values.

In order to handle two-body operators in the same fashion, we explore in sec-
tions 5 and 6 two-body symmetric and antisymmetric tensors as well as adjoint ten-
sors and develop the required formalism and explicit expressions for these
quantities, which are then exploited in section 7 for the evaluation of two-body
MEs. Although all the developments presented in this study may be generalized to
arbitrary U(n) irreps, and many of the presented results are completely general in
this regard, our emphasis is on UGA applications to molecular electronic structure
and all final explicit expressions given in our tables are pertinent to this specific pur-
pose. The last section 8 then summarizes the results and points out their specificity
as well as the relationship with related approaches.

2.U(n)irreducible tensor operators

A general U(n) tensor operator T (see, e.g., refs. [30-33]), whose components
transform according to some representation of U(n) under the action of U(n) opera-
tors, may be partitioned into the irreducible tensor operators by forming appropri-
ate linear combinations. An irreducible U(n) tensor operator T, associated with
the uth irreducible representation (irrep) of U(n), is then a set of operators
T,={T, gm)} that may be labelled by the Gel’fand tableaux m labelling the basis
vectors | /) of the carrier space of this irrep#* (i) = p. For our purposes it is con-
venient to replace the Gel’fand tableau labelling with the corresponding Weyl
tableau labels, |} = |%), and later, when we consider electronic Gel’'fand-Tsetlin
(GT) states, by the ABC or Paldus [2-4,11] tableaux. Even though either tableau
automatically implies the relevant irrep label 4, it is convenient to display this label
explicitly in designating our states or tensor operator components. Thus, the irredu-
cible tensor operator associated with the irrep p is defined as a set of operators
T, = {T,(W)}, with W ranging over all Weyl tableaux corresponding to this
irrep, that transform under the action of U(n) generators E;; in the following way

5,17 = (|8

= (bl )70, )

#2For the sake of simplicity, the highest weights (x> labelling U(n) irreps are written without the an-
gular brackets unless the confusion could arise.
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with the sum extending over all Weyl tableaux V of the same irrep .

When we consider a general representation space V for U(n) or, equivalently, a
U(n)-module V, we can reduce it to its irreducible components V,,,V = @,V,.. An
arbitrary operator 0 actingin’V then maps an arbitrary V, into 'V, so that

A v A v

- . 2
o) = Z 3 ) ) @
This is also true of a general tensor operator. However, for an irreducible tensor

operator T, the image space is restricted to only those irreps that are contained in
the inner direct product of A and 4, so that

TLZ’VA‘*' €£) V.. (3)

veu®i

0 0

Thus, for O = T,, the sum over v in eq. (2) is restricted to only those irreps that
are contained in the inner direct product of i and }, as given by the Littlewood—
Richardson rules.

We can further decompose the irreducible tensor operator T, into compo-
nents, referred to as unit tensor (or Wigner) operators, that transform a given car-
rier space V) into another carrier space V, (see, e.g., egs. (3.26) and (3.38) of ref.
[31]). As was shown by Baird and Biedenharn [30], these unit tensor operators may
then be labelled by a pair of Gel’fand tableaux belonging to the same irrep. In
terms of Weyl tableaux we thus designate these operators as T,,(},), I' and ¥ being
Weyl tableaux associated with the irrep u. The upper tableaux I' determines a
unique shift of the irrep labels, designated by A(T"), so that

I
T, ( V> VA= Vasam) - (4)

Thus, eq. (2) for O = T,,(}) can now be written as

T#(II;) g>=2</\+p§(r> (Aj>|/\+$(r)>7 .

W
where the sum extends only over the Weyl tableaux of the irrepy = A + A(T"). The
shift A(T’) is given by the weight of I (see, e.g., egs. (3.24) and (3.25) of ref. [31])
and may also be characterized in terms of box addition and removal to the Young
pattern associated with a given irrep. The latter description is more convenient
when we label the basis vector (or states) and tensor operator components by Weyl
tableaux, and is particularly efficient when only a few shift components are differ-
ent from zero, as will be the case in our applications.

We must also mention that, generally, a given irrep v may appear more than
once in the direct product 1 ® A, eq. (3). In such cases there exist several Gel’fand
(or Weyl) tableaux having the same weight, so that A(I') = A(I") while I # I", and
we need an additional label, say «, to distinguish the resulting irreps v. Clearly,

Tu(¥)
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the operator tableaux I" or W themselves may serve as such a multiplicity index.

One of the key problems of U(n) tensor calculus is the evaluation of matrix ele-
ments (MEs) of tensor operators. Relying on the Wigner-Eckart (WE) theorem,
we can write MEs appearing in eq. (5) as a sum of products of reduced matrix ele-
ments (RMEs) and U(n) Clebsch—-Gordan (CG) or Wigner coefficients,

(B0 g) =S emaw (T 7). (6

where « is the multiplicity index. In the multiplicity free case, we thus have a stan-
dard SU(2)-type WE theorem
Ap
} 7
o b g

< || ) - AT 5,

When the basis of a chosen carrier space for a given U(n) irrep is adapted to an
appropriate group chain, the corresponding CG coefficients can be factored into
simple products of isoscalar factors (see Part I). Thus, employing the canonical GT
basis, the U(n) CG coefficients may be expressed as a product of
U(m) = U(m — 1) isoscalar factors with m ranging from 2 to n. This factorization
may be regarded as the origin of ME segmentation in the unitary group approach
[4,11,28,36-38]. However, when a multiplicity is present, either at the group or the
subgroup level, the sum over the multiplicity label(s) must be carried out so that
segmentation of MEs may involve more than one product. Nonetheless, we shall
see that when dealing with many-electron systems, the multiplicity can be avoided,
so that factorization may be achieved for MEs of any tensor operator, including
spin-dependent ones. These results will be further exploited elsewhere.

In the following developments we shall find it convenient to employ properly
scaled CG coefficients and isoscalar factors. We thus rewrite eq. (7) in terms of

scaled quantities,
vIiA o p ()
) )

v A
= (s)
(|| ) = ctmal 1|00

as indicated by the superscript (s). For an arbitrary scaling factor ¢(}, pu;v) we
thus define ‘

T.(V)

TN = YT A/ e(X, psv) (9a)
A ) A
<;, . ‘;) =C(/\,M;V)<;, o ‘;>. (9b)

With proper choice of phases, all quantities involved are real and the scaling factor
¢(A, p; v) is determined by the metric of scaled CG coefficients, namely
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[(ls 0)']-
X u v

The scaling of CG coefficients then implies a similar scaling for isoscalar factors.
Recalling the definition of U(n) isoscalar factors, eq. (1.56) *, we can define the
scaled isoscalar factors by
AU viA o p
N /) . (11)

(s)
174
= )‘1) . Al) ,;/_1
(M, #,) e i) - (N, ) (,/ !

With this choice, the relationship between CG coefficients and isoscalar factors is
preserved, so that the scaled CG coefficients are given by the product of scaled iso-
scalar factors. An appropriate choice of scaling factors then greatly simplifies the
explicit form of scaled isoscalar factors, making the ME evaluation more efficient.
In fact, choosing the RMEs as scaling factors,

e )2 (10)

e(A 5 v) = || TulIAD, (12)
the scaled RMEs equal to unity,

WIT NN =1, (13)
so that the tensor operator MEs, eq. (8), are given by the properly scaled CG coeffi-
cients,

s
(olnm] ) =(ls “,ﬁ>“. (14)

This choice of scaling will be found very useful in the following sections.

3. Creation and annihilation vector operators

In order to facilitate the handling of various types of tensor operators, it is useful
to introduce a suitable set of fundamental tensors in terms of which we can express
all other tensors. Clearly, the components of such fundamental tensors, serving as
our building blocks, should transform as a basis of the simplest nontrivial irrep
1 O) (0,1), characterized by a single box Young tableau. (Recall [1] that
{10y =<¢10... 0y, while (a,b) designates the two-column U(n) irrep
(2a1bgr—a-by, ) In other words, these fundamental tensor operators represent a vec-
tor operator. We designate their components by C and define them as follows:

(1) The operators C"J‘ , (1<i<n) transform as a fundamental vector representa-
tion,

#We refer to equation (x) or table x of Part I as eq. (I.x) or table I.x, respectively.
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(B C71] = uCy (15)

(2) The action of C} T on an arbitrary irrep carrier space is defined by its action
on its canonical basis vectors, namely

)= o)) 16)

with MEs given by the WE theorem
A+ A A A (0,1
(5 ler| oy =asaemn( L] G0,

C';’T

where the first factor on the rhs is the RME of the C' operator (see below) and the
second factor is the U(n) CG coefficient for the coupling of canonical basis vectors
of an arbitrary irrep A and the one box vector irrep (0, 1) #.

(3) Finally, the action of the operator C' on GT states of the irrep A = ), in
which the orbital n is unoccupied, is defined as

An M+o
Cot Mot ) =] M , (18)
Wn—l Wn—l

where A\, = )\, are the irreps of U(n) and U(n — 1), respectively. Graphically, the
Weyl tableau characterizing the resulting state of irrep A, + o is obtained by add-
ing a box labelled with the orbital index » to the oth column of the Weyl tableau
W,_1, representing the initial state of the irrep A, 1.e.

cet - (19)

Note that at this stage the action of the operators Cf't is defined for a general U(n)
irrep with an arbitrary number of columns.

It is obvious from the first condition above, defining C°! as a U(n) vector opera-
tor, that the superscript o designates the operator pattern (or the shift compo-
nent). We shall see shortly that the last condition (3) determines the required RMEs
(A + o||CT||A). Before we actually determine these RMEs, it is worth remarking
that the above introduced operators C! are similar to T operators (referred to as
fundamental Wigner operators) defined by Biedenharn, Louck and others [31-
33,45]: they both represent unit vector operators, but differ in their RMEs, since 7

#(Clearly, the index i in the vector irrep basis !,(0’1)

Weyl tableau[7].

Y, i=1,...,n, represents the label in the single box
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operators are defined in such a way that their MEs are simply the corresponding
CG coefficients, i.e. their RMEs are equal to unity. Another difference concerns
the shift label. In the standard approach, the shift is defined through a row label
rather than a column label used here. The latter has the advantage of yielding an n-
mdependent formalism. It should also be noticed that for a given irrep all the opera-
tors C are not necessarily deﬁned since we require that a lexical state results.
Thus, for example, the operator C is not defined for any two-column irrep (4, b)
whend = 0.

To complete the definition of the action of the Cf’T operator on any irrep carrier
space, egs. (16) and (17), we have to determine the RMEs () + o||C||A>. This can
be done by exploiting eq. (18) or (19), since the RMEs depend only on the irrep
labels involved. Thus, choosing a state in which the sth orbital is unoccupied, so
thateq. (18) holds, we find that

n+U All

mto|l A (0,1)
Mot |CTT At ) =1= ctiix < i > 20
1 |G, 1 On +al|CHIAD W | w,_, " (20)
Wn—l Wn-—l
where A = A, = A,—1. Consequently,
Atalr (0,1)\7 NmfA)”Z

A ctia = = (===2) 21
aalcin= (1777 O = (B @1

where we have employed the results of Part I for the U(n) isoscalar factors, in parti-
cular eqgs. (I.145) or (1.154). Clearly, 0 = (0, 0), N, designates the number of boxes
(i.e. the particle number) associated with the irrep p and f, designates the dimen-
sion of u considered as an irrep of Sy, i.e. f, = dim([y]), (] representing a sym-
metric group irrep (see Part I).

In the case of two column i 1rreps {2%1°0) = (a, b), there are only two fundamen-
tal vector operators C,IT and C , whose action on a given irrep (a, b) module takes
the form

ct: (a,b)—>(a,b+1), C*: (a,b)—>(a+1,b-1). (22)

The corresponding shifts A(o) = o for 0 =1 and o = 2, that yield the resulting
irrep (a, b) + o, are thus given by (0, 1) and (1, —1), respectively. For the relevant
RMEs**, we find from eq. (21) (or using table 1.2, types A and C) that

a,b+1)|[CM[(a, b)) = [(B+ 1)(a+b +2)/(b+2)])'/?,
(a+1,b-1)[|Ct(a,b)> = [(a+ 1)(b+1)/5]'/>. (23)

The U(n) CG coefficients that appear in eq. (17) may be conveniently factored
into a product of U(n) isoscalar factors [see Part I, egs. (1.145) or (1.154)], i.e.

#3We drop the superscript o from C since it is implied by the bra and ket irreps.
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Gl ) [l GLLE )
ngl(/\i\: P (0,1))’

pe-1 (0,1)

where A\, = A, p, = p. Thus, the bra and ket irreps for the subgroups
U(m),m =1,2,...,i — 1 must be identical, since below the ith level of the canoni-
cal subgroup chain the operator C;rr acts as the identity operator. We again empha-
size that egs. (17) and (24) are completely general, so that the MEs of C,"'t can be
computed for any U(n) irreps as long as the relevant isoscalar factors are known.
An explicit form of these isoscalar factors for two-column irreps was given in table
2 of Part 1. These general expressions considerably simplify in the case that one of
the coupled irreps is the single box fundamental vector representation, as required
for isoscalar factors appearing in eq. (24). The relevant expressions for these fac-
tors are given in table 1. Choosing, further, the RMEs of Ct, eq. (23), as the scaling
factors c(\, o; A + 0), A = (a,b),eq. (12),i.e.

cl(a,6),(0,1); (a,b) + o] = {(a,b) + 7| C"|(a,5)>, (12)

where (a,b) + o= (a,b+1) foro=1, and (a,b) +oc=(a+1,b—1) for o =2
(for explicit values see eq. (23)), we obtain even simpler expressions for the scaled
isoscalar factors, eq. (11), that are also listed in table 1. In fact, it is remarkable that
these scaled factors are a-independent, so that only the corresponding SU(2) irreps

(24)

Table 1 N (0,1)|(a,b)
Unscaled and scaled isoscalar factor ( A\ ;z ;/ ), required for MEs of vector operators®
u X A v Unscaled Scaled
©, 1 (gb-1) (a,b—-2) (a,b—1) —[(a+b)B* - 1)/(a+b+1)]"2/b -1
(a—1,6)  (a,b—1)  —[a/(a+b+1)]"*/b —1/(b+1)
(a—1,b) (a-1,b+1) 1 BB+2)]"7?/(b+1)
(a—1,b—1) (a—1,b) —(a+b)/(a+b+1)'? -1
(a-1,b+1) (a=2,b+2) (a—1,b+1) —[(a—1)(b+1)(6+3)/d'/*/(b+2) —1
(a—1,b) (@a-1,b+1) [(a+b+1)/a'?/(b+2) 1/(b+1)
(a—1,b) (a,b—1) 1 B +2))"?/B+1)
(a—2,b+1) (a—1,b) —[(a - 1)/q]"? -1
0,0) (a,b6—1) (a,b—1) (a,b-1) [(6+1)/ba+b+ 1))/ 1
(a—1,b)  (a—1,b) (a+b+1)"'* b/(b+1)]'?
(a—1,6+1) (a—1,b+1) (a=1L,b+1) [(b+1)/a(b+2)]' 1
(@-1,6)  (a-1,b) aii [(6+2)/(6+1)]"

? Recall that the trivial isoscalar factors, i.e., in our case when X' = A,z = (0,1) and v = (q,b),
both scaled and unscaled, equal 1.
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play the role. The required matrix elements of Cfﬁ operators are then given by the
product of these scaled isoscalar factors as implied by eq. (14), that now reads

At 0] o] A > _ < A (0,1) ,\+a>(‘)
w | \U U i W
A A (0,1)\©@
_ < tolA (O )> , (25)
w U i
assuming we use a real representation for U(n) CG coefficients. Thus, relying on
eq. (24), we get wheni = n,
Wit W, An—1 (0,0) | Ay

while for i <nwe can write

< X | cot| A > _ ( W O] X, )<"< -
Wit | Wy Aot (0,1) [N, w,_,
where X, = A\, +oand X,_; = A1 + 7.
We note, finally, that the corresponding Hermitian conjugate operators C7,

representing annihilation-like operators, transform as the contragredient funda-
mental vector representation, namely

crt

1

/\n~1
, 251
Wn-l > ( )

[Exj, C7] = —6uCy . (26)
Their action is given by the conjugate of eq. (16) and their MEs satisfy the relation-
ship

Ato A A Ato
ct = < c’ > : 27
< W i U U 1 W ( )

4. Generator matrix elements

There are several avenues open to us when deriving explicit expressions for the
U(n) generator MEs. The most natural one is, of course, to regard the generators as
adjoint tensor operators, associated with the irrep {10 —1), since E;; “annihi-
lates” a box labelled with j and ‘“‘creates ” one labelled with i. Such an approach,
however, requires further development of the tensor operator formalism that will
only be carried out in the following sections. Nonetheless, the same goal may be
achieved using the simpler vector operator formalism that we have just outlined.
The evaluation of U(n) generator MEs represents, in fact, a nice illustration of this
formalism. '

Since the MEs of raising and lowering generators are simply related, we only
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consider the former ones (Ej, i <j). To represent the generators E;; as vector opera-
tors, we observe that their MEs must vanish unless the bra and ket state (Gel’fand
or Paldus) labels are identical above the jth level, so that these MEs are the same in
all U(m) subgroups with m =n,n—1,...,j. Thus, the U(n) MEs of E;,i<j may
be reduced to the corresponding U(j) MEs namely,

<P;\f’ ;/> <;' > (E5AAk><W, :ij,> (28)

It is now easy to realize that Ej; (i <j) represents a U(j — 1) vector operator, since
obviously (cf. eq. (15))

Ej

i

[Ek1, Ey] = 5,-1Ekj, 1<k, IS_] - 1. (29)

We may thus write the required U(j) MEs, eq. (28), as a product of a certain factor
that can only depend on the U(j) and U(j — 1) irrep labels and an ME of a funda-
mental vector operator C; ', namely

Mg IAN_ N g A\ A Aj-1 30
w i w, )\ X A W w._. /|’ (30)
AL 1| | A1 -1 -1

where )\j’._l = Aj_1 + 0. Expressing the last factor in eq. (30) as a product of the
scaled RME and the CG coefficient, eq. (17), we can write

] (=)

V. (31)

)
AR AN R M Moo (0,1)
Wi W Xt || || Y1 Wi i

where the first factor on the right-hand side, representing a (scaled) RME of E (a
generator), is the same as the corresponding factor in eq. (30),

Aj X ) \s s
< ’\jl'il /\jil > = <)\}11 )\jjl ><X “C ”/\ >

N Aj
= , 32
< A}_] Aj-l > ( )

assuming that we choose the scaling according to egs. (12) and (13). The second fac-
tor is then a scaled U(j — 1) CG coefficient (see also eq. (25)), whose general form
is given by eq. (24) (where now all the quantities are appropriately scaled; we also
note that in view of the chosen phase convention, all these quantities are real).

The unknown generator RMEs, eq. (32), may be easily determined from the ele-
mentary generator MEs given by Paldus formulae [2,3]. For example, when both
n; = n — 1 and nare singly occupied in the bra and the ket, respectively, we have

ct

1

E E

E
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(a,d) (a,b) (S)
-1 (a,b) (a,b)
En1n (a,b) (@a—1,b+1)
{8
(a.6) ) S om=n—1 (33)

(a—1,b+1)

and similarly for the other possibility that » and n; occur in the first column of the
Weyl tableau, when \;_; = (a,b — 1). Since the scaled isoscalar factor on the right-
hand side is equal to 1 in each case (see table 1), we find that the RMEs are also
equal to 1. The remaining types may similarly be obtained by considering, say, the
case with n doubly occupied in the ket and n and n; = n — 1 singly occupied in the
bra. The relevant values of these RMEs are collected in table 2.
In summary, we can thus express the generator MEs (28) as a single product of
segment values, namely
s
)y ()
Aj-1

vl ) -
bxa ) <
vl (1
N (0,1 x )
% H ( k(0,1 k )
k=i+1 Ae-1 (0,1)
o) N “) i

X Oy 34

( )\i——l (0 0 l ) H X )\k ( )
Comparing this result with that of UGA (or GUGA) we immediately see that the
generator RMEs (32) represent the top segment values, the isoscalar factors within
the braces the middle segment values, and the rightmost isoscalar factor the bot-
tom segment value. We must emphasize, however, that this result is completely gen-
eral and applies to any irrep whatsoever. Of course, in order to exploit it we must
be able to determine the required isoscalar factors and RMEs. For two-column

irreps are required segment values are contained in tables 1 and 2.
So far, we have treated the generators E;; as U(j — 1) vector operators. We now

)=l

E

(@-1,6+1) (0,1)
“\@=1,6+1) (0,0)

E

'}

Table 2

()
Nonvanishing raising generator RMEs <(a:\b) ‘E (al,/b)> , (cf., eq. (32)).

A v E
(a,b) (a,b—1) 1
(a,b) (a~1,b+1) 1

(a,b-1) (a—1,b) [6/(6+ 1))~
(@a-1,b+1) (a—1,b) ((b+2)/(b+1))?
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wish to proceed one step further and express the generators in terms of our U(n)
creation and annihilation vector operators C,"T and C7. Since Ej; represents an U(n)
adjoint tensor operator (see section 6), as do the operators C,”gCJT (o,7=1,2), we
can generally write

Ej=) pnCl'C . (35)

In fact, the transformation matrix p must be diagonal, since E;; leaves invariant
any U(n) irrep module, so that

Por = 91-60'1 . (35’)

In the special case of two-column irreps, only two values p, (7 = 1,2) are required
(C]?’ produces a vanishing result when acting on any two-column irrep module). In
fact, p can be shown to be the 2 x 2 identity matrix in this case. The easiest way to
see this is to consider the MEs of weight generator E,, between states in which » is
singly occupied. While the left-hand side of eq. (35) will always yield 1 in this case,
the right-hand side equals p; times the corresponding ME of CC¥, assuming
that n occurs in the kth column of the Weyl tableau. Since the latter ME also equals
1,wehavethat p, = 1, ( = 1,2). Thus, we find that

Ej=) mCG =3 Cq. (36)

Using this result we can now express the generator MEs (28) in terms of MEs of
C'?C-type operators. Thus, for the E;; in the U(j) basis, eq. (30), we find that

)\j )‘j )\j )\j - T )\j - T )\j
(ol ) = ol ) ol
T < -1 (0,1)| N >(S)< A=t (0,1)] N >(3) (37)
AN/ L Wi g oW

where in the last step we employed eq. (25), its conjugate, eq. (27), and the reality
of CGs. Expressing, finally, the U(j) CG coefficients as a product of the
U(j) = U(j — 1) isoscalar factor and the U(j — 1) CG coefficient, we obtain

Y g v\ fss(mm @D ¥ )7 (v=r o]y
\ W W, 14\ Ao (0[N, \ A1 (0,0) | Ay

i
{s)
)\j—l (O’l) ;’—l
, 38
(o O &

since the second CG coefficient on the right-hand side of the last eq. (37) simply
equals an isoscalar factor in view of the fact that we must have W}’ ; = W;_; (and
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thus, also A} ; = A;_;). Comparing now this result with the preceding one, eq.
(34), we see that the expression in curly brackets in eq. (38) represents in fact a gen-
eral RME, so that
()
>\,-

)‘j /\ . )\j—’r (0,1)
<f\,'--1 £ ’\jil>_Z( Ai-r (0,1)
()
« ) . (39)

y Ai—1 (0,1)
Ai-r o (0,0) | A=
Using the isoscalar factors listed in table 1 it is worthwhile to check that the
RMEs given in table 2, that were obtained above with the help of Paldus formulas
for elementary generators, do indeed satisfy the relationship (39) and may thus be
obtained solely within the isoscalar factor formalism expounded in this series.

In concluding this section, we must emphasize that all the above derivations
were made for the case of raising generators Ej, i <j. In an exactly analogous way
we can handle the corresponding lowering generators, using the fact that E = Ej;.
Thus, for example, the generator RME:s that are required in this case are sxmply
obtained from those given in table 2 by a transposition, since now

(s)
)\j L )\j _ Z )‘j -7 (Ov 1) )‘j
X_) Aot —\ X (0,1
(5)
N—1 (0,1 N
X 3 39,
( )\}' 1 (0,0) Aj’-l) ( )
sothat
A A A A A A
EL = ER = E "
Gl =Gl = Clele) o)

where the superscript designates the lowering (L) or raising (R) generator cases.
We shall always employ raising generator RMEs in the following and thus drop the
superscript to simplify the notation.

5. Symmetric and antisymmetric tensors

We have seen in the preceding section (eq. (36)) that the U(n) generators may
be represented by a linear combination of products of creation and annihilation
vector operators C' and C. Consequently, generator products or two-body opera-
tors may be similarly represented using products of two C' and two C operators.
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The latter are basically of two types, namely (C'C)(C'C) and (C'C"(CC). While
the former type corresponds directly to the generator products E;;Ey, the latter
type involves generators from the O(2n) extension of U(n) (cf. ref. [39]) and corre-
sponds more directly to a standard second quantized form of two-body operators
(see section 7). We refer to operators of the type (C'C?) as pairing operators (CC
being their conjugates). We shall now examine the MEs of these pairing operators,
while those of the (C'C)-type, representing U(n) adjoint tensors, will be examined
in the next section. Relying on these results we shall then be able to effectively han-
dle MEs of two-body operators (see section 7).

The evaluation of pairing operator MEs leads us to the problem of handling the
products of two irreducible tensors. Thus, for example, we can write

(k) =Sl ")
/\1+0>’(40)

= QCHAL + oD + o CHAD
U

XEU:<,\1;U (0,1.1)|;/><:V11 (0}1)

where we have used the WE theorem, eq. (17), in the last step. Clearly, A = A,
+0 + 7. Although we could handle the quantities arising on the right-hand side of
eq. (40) directly, it is much more convenient to exploit the recoupling procedure
involving U(n) Racah coefficients. Indeed, considering the multiplicity free case
and assuming that the CG coefficients are real, we easily transform the basic rela-
tionship (1.139), with the help of orthogonality properties of CG coefficients, into

et c"T

the form
Z< Al | A ><>\12 A3 )\>
T\ W W2 W/ \Wn Wi|W
Az | Azs >< Al An >\>
U{M X235 Ao 2 . 41
Z idadhaj Aua 3}<W2 Wi | Was Wy Wal|W (41)

Az, W3

Thus, assuming that the RMEs are equal to 1 and setting A\, = A3 = (0, 1), we can
interpret the left-hand side of eq. (41) as the ME of a product of two tensor opera-
tors associated with irreps A, and 3. With the help of recoupling, eq. (41), this ME
reduces to the ME of a tensor associated with the irrep A3 that arises from cou-
pling of )\, and A;. In the case of pairing operators this leads to the coupling of two
vector operators, each associated with the single box irrep (0, 1). This coupling pro-
duces tensors associated with the symmetic (1, 0) and antisymmetric (0, 2) two-
box irreps. Exploiting, thus, the recoupling transformation (41) in eq. (40) we get
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A A ﬂ
(e ) =t + o5 +olctiany
X Y U0, 1)A0,1); (A + 0) Aas}
A23, W3
><<(0’.1) (O,‘l) ,\23>< A Ao )\>’ )
J i | Wn Wy Wyu|W

where again A = A\ + o + 7, while )3 runs over the irreps (1, 0) and (0, 2) and
W»3 is uniquely determined by labels i and j. To simplify notation, we designate
either tableau, namely

(i<j) or (i<j)
as [7j] or [ji], since irrep labels (1, 0) or (0, 2) immediately imply which one is
involved. Clearly, the antisymmetric (0, 2) irrep cannot arise when i = j.

For the CG coefficients coupling two vector irreps we easily find (employing
the same phase convention as in Part I) using table 1.2 that

< (0,1) (0,1)](1,0)

= 2y /9112
AR IR R

and

< (0,1) (0,1)(0,2) >

/01 (1)
i J [#/] <

R IR

=1 -8)/24"%, <))

) =(E

where n; = n — 1, which may also be regarded as a definition of the phase conven-
tion employed.

Now, within the spaces consisting of at most two-column irrep modules, the
CG series involving symmetric and antisymmetric tensors are multiplicity free,
namely

(a,b) x (1,0) = (a+ 1,b) + ...,
(a,b) x (0,2) = (a,b+2)+ (1 = &pp)(@a+1,b)+(a+2,b-2)+ ...,

Itisthen easy to verify that

It o1t

0,2)
<[<n 1y |G

cit c}j_l]0> =1,

n “n-1

where the dots indicate more than two-column irreps. Thus, the symmetric tensor
has only one shift component while the antisymmetric one has three (assuming
b ?f 0). This is consistent with the fact that we have four CtC' operators, namely
C'C

; jT and Ci2 J‘ijf that are antisymmetric and shift (a,b) into (a,b+2) and
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(a+2,b—2), respectively, and C}TC}.ZT and C,.2’r Cj”, both shifting (a,b) to
(a + 1, b) and yielding one symmetric and one antisymmetric tensor.

The last CG coefficient on the right-hand side of eq. (42) that involves a sym-
metric or antisymmetric two-box irrep A;3 may be evaluated as a product of U(n)
isoscalar factors whose explicit form may be found in table 1.2. However, we can
again simplify eq. (42) by using the RMEs as appropriate scaling factors. We thus
observe that

c[(a—1,b),(1,0); (a, )] = (a,B)||C"||lv><¥||C||(a - 1,B))
=[a(a+b+1)]'2, (43)

independently of the intermediate irrep v, for which we have either v = (a — 1,
b+1),orv = (a,b — 1).Inasimilar way we find that

C[(aab - 2)) (0)2)7 (a, b)] = <(a:b)”CT“(aab - 1)><(awb - l)HCT”(avb - 2)>
=[b-D@+b)(a+b+1)/(b+1)"/2, (44a)

c[(a - 1,b),(0,2); (a, b)] = c[(a - 1,b),(1,0); (avb)]
= [a(a+ b+ 1)]"/2, (44b)

c[(a—2,b+2),(0,2); (a,b)] =<(a,b)|IC||(a— 1,5+ 1))
x {(a—1,b+1)|Cl|(a—2,b+2))
=[(b+3)(a— a/(b+1)]"2. (44c)

Employing these scaling factors, eq. (9b), we can rewrite eq. (42) in the form

<<¢;;> o (“;,f)> _ <<a;> (ii;)>

= Z U{(011) (0,1)(d,e) (a,b);uu}

v=(1,0),(0,2)
0,1) 0,1)| v\ /(ab) v|(de\¥
><< [ij]>< Wi W’> »(43)

J i
where we have exploited the symmetry property of Racah coefficients, eq. (1.137)
and where

(d,e)=(a,b)+0o+7, p=(ab)+oc=(d,e)—r. (46)

The explicit form of (scaled) isoscalar factors that are required for the evaluation
of the last (scaled) CG coefficient appearing in eq. (42) or (45) may be obtained
from table 1.2 and are listed in tables 3 and 4. Similarly, the required Racah coeffi-
cients are easily found in table 1.3 (note that (0, 1) = (1) designates a one-box vec-
torirrep). We thus arrive to the following explicit expressions for the MEs (45):

Ga
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Table 3
Unscaled and scaled isoscalar factors ((a ~)\1,b) (1,0)|(a, b)>, required for MEs of symmetric
tensors. K v
U A v Unscaled Scaled
(1,0) (a-2,b)  (a—1,b) [(@—1)(a+b)/a(a+b+1)]'/? 1
(a-1,b-1) (a,b—1) —[(a+b)/(a+b+ 1))/ -1
(@a-2,b+1) (@a—-1,b+1) —[(a—1)/d'? -1
0,1) (a—1,b—1) (a—1,b) —[bla+b)/a(b+ 1)(a+ b+ 1)]'? -1
(a—2,b+1) (a—1,b) —[(a——1)(b+2)/a(b+1)(a+b+1)]1/2 -1
(a—1,b) (a,b—1) (a+b+1)"2 [b/(b+ 1))'/?
(a—1,b) (a=1,b+1) a2 [(b+2)/(b+ 1)
0,0) (a—1,b) (a—1,b) [2/a(a+ b+ 1)]'? V2

(1) For o = 7, only the antisymmetric term survives, since we cannot couple
(1, 0)and (a,b — 2)or (a — 2,b + 2) to (a, b). Hence

d e ab a; /(a,b) (0,2)|(d,e)\®
(Gcrr| @) - (@B 0@ -
where
1 if i<y,
a;=<0 ifi=j, (48)
-1 if i>j,
and
a,b+2 ifo=1,
(d’e):{gau,b)—z) if o=2. (49)

Note that aj; = —ay;, while [ij] = [ji] by definition.
(if) When ¢ # 7, so that 7 = & where @ = 3 — 0, (0 = 1, 2), both symmetric and
antisymmetric terms may contribute and we get

<(a+ 1:b) Ca-TCaT (a,b)>
WI i > 4
a a (%)
a {s)
+a;(1 - 5b,o)p§,’)(a)< ( I:Vb) ((E;J']Z) (a “;Vll, b) > , (50)

where
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Table 4 X (0,2)|(a,b)
Unscaled and scaled isoscalar factors ( A\ ’ ’ ), required for MEs of antisymmetric
173 14
tensors.
u I\ A v Unscaled Scaled
1/2
0,2 {(a-2b+2) (a=-2,b+1)  (a,b-1) [(bi(lf)zrbslz)}
Aa+b+ 1) 1/2 ) 12
(@-26+1)  (a-1b+1) [a(b+2)(b+3)] [(b+l)(b+2)]
(a-2)(b+1)(b+4)]?
(a-3,b+3)  (a-1b+1) W] !
(G-3b+2) (a—1,b) [(a—2)/a)'/? 1
[(a+b)(b — 1)(b+2)]"2 (b= 1)(b+2)]"
(a—1,6) (@-16-1)  (ab-1) ‘_Wf)b(b—m} RECENN
2a+b) 172 ) 172
(a-1,6-1)  (a—1,b+1) W] MT)}
2a-1) 26 [ 2 k&
(@-2,b+1)  (a,b-1) W} LB+ 1)(b+2),
[(a—1)b(b+3)]"" bp+3) '
(a-2,b+1)  (a—-1,b+1) -bm] e+ DG +2)
o INUE
(a=2,) (a=15) (7{)57—%)‘)] '
. _ _ 12
(a,b-2) (a,b-3) (a,b-1) ¢ ?ab+ bli(lf) (bzz(?)z 1)]
22 /2 1/2
(a-1,b-1)  (ab-1) __—_—__(a+b+l)(b—l)b] [b(b+l)}
_ 1/2
(a=-1,b-1) (a-1b+1) 1 [(b b(?ib;)rz}]
r 12
(a-1,b-2) (a—1,b) E”ZT:]
(2(b + 1)]'2
0,1 (a-2,b+2) (a—2,b+2) (a-1,b+1) a(b+2)] V2
B - 1/2
(@-2b+1)  (a—1,b) (2/a)'/? 2(::23)}
/2 b4+ 22
(a—1,b) (@a=1,6) (ab-1) g%] b—i_f
- b 12 T b 1'1/2
(a—1,b) (a-1b+1) - m] b+
[ (a+b)p+2) ' b+2)"
(a—-1,b-1) (a—1,b) _W] 5
- (a—1)b 1/2 rop 112
(@-2,b+1)  (a-1,b) —_W] Y
- 1/2
(a,b-2) (a,b-2) (@b-1) @_2;(%%5] V2
. 12 _ 1/2
(a~1,b-1) (a—1,b) ﬁ,z,—;f] [2 b 1)]




292 X. Li, J. Paldus / Unitary group tensor algebras. Il

__1\Kkto 1/2
o) = (e (P CU) (51)

As already noted, the CG coefficients involving the symmetric and antisym-
metric tensors are equal to single products of isoscalar factors whose explicit form
is given in tables 3 and 4. For example, assuming that i <j, we have that

Mo (LO XA [ (1,0 X \Y
<W,, [#7] n> _{ EIL](AM (1,0) )‘;c-—l) }
) ( N (1,0)] X )“’
Aj-1 o1

oo 0] X \Y
X{H(A A )
k=il k—1 (’
o O] N <°'>'
Sxx » 52
X(/\H <00' ) H“" (2)

1 1

and, similarly, for the antisymmetric tensor (0, 2).

As an illustration of eq. (50), we consider MEs of C}!C2 and C2 C}! operators.
In this case only the symmetric term contributes and we find that
a,b) (a—1,b)

1/2
cuc _(_b
)

(e —1,b) 2
cron F =(:_jr;‘::) _ (53b)

Note that we can obtain the same result by directly using the MEs of Cf opera-
tors. Clearly, C1tC2f and C2 C}! represent distinct operators so that, generally, C; 1t
and CJZT do not commute or anticommute.

6. Adjoint tensors

A tensor operator A; that satisfies the relationship
[EkIaAij] - ilAkj - 6ijiI) (k7l = 1> 27 R ,n) (54)
is called an adjoint tensor operator belonging to the irrep <1 0I>=¢0...0 —1.
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Clearly, the generators Ej; are adjoint tensors, as are the four operators C;ﬁ .,
(0,7 = 1,2). The action of an adjoint tensor operator 4; on a two-column U(n)
irreducible module (a, b) produces modules associated with irreps given by the CG
series

(a,b) x (101> = (a— 1,6 +2) + (2~ &po)(a,b) + (@a+ 1,b=2) +..., (55)

the dots indicating more than two-column irreps. Thus, the four adjoint tensors
C"Jr C] (0,7 = 1,2) are associated with three distinct shifts, the zero-shift of (a b)
into 1tsc1f having multiplicity 2 (assuming that b # 0). Indeed, the operator C C2
shifts (a,b) into (a — 1,6+ 2), C:'C} shifts (a,b) into (a+1,b—2), while both
ClT C1 and CZJY C2 shift (a b) into 1tself This multiplicity complicates the evaluation
of adjomt tensor MEs, since a direct application of the WE theorem to the corre-
sponding CG coefficients will not produce a single product of isoscalar factors.
Instead, a sum over two multiplicity indices will be required, in general, at every
level of the group chain.

A linear combination of two zero-shift adjoint tensors, C; TC‘ and CH C?, is
again a zero-shift adjoint tensor. We have already established that a snnple sum of
these tensors gives the corresponding generator, eq. (36), namely

i 2
E;=clicl+clic. (56)

It is thus natural to ask which other linear combination of these zero-shift adjoint
tensors will be the most useful in further development. Motivated by our earlier
results, we shall look for a definition that would free us of any multiplicity problem
and would lead to as simple a segmentation of the resulting MEs as possible. In gen-
eral, we shall thus introduce three independent adjoint tensors producing distinct
shifts as follows

NP =), (57a)
N = (1 - 80" )G Ct + ) (b)), (57b)
Ni(j-) = @p)cHct, , (57¢)

where 7’s represent suitable irrep module dependent scalar operators. Thus, these
operators are invariant on any irrep module (a, b) and, as we shall see later, the sca-
lars defining these operators depend only on the spin b = 28 of a given irrep, as
the notation implies. Consequently, on a given irrep module (a, b), there is no need
to distinguish these operators and the scalars that uniquely determine them. We
may, of course, regard the three adjoint tensors N,-(j") (k = +,0,—) as forming a set
Ny, shifting (a,b) into (@ — 1,6+ 2), (a,b) and (a + 1, b — 2), respectively, in addi-
tion to the generator Ej; that also shifts (a, ) into (a, b). It should be noticed, how-
ever, that for b = 0 there is only one zero-shift tensor, namely the generator Ej;, so
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that N,.S-O) does not exist in this case (note that eq. (57b) yields a trivial zero operator
in this case).

Following the above outlined goal, we next attempt to find the irrep dependent
scalar operators (or scalars) 7 that enable a segmentation of the resulting MEs of
adjoint tensor N, S ") We shall thus try to choose the irrep invariant operators 7 in
such a way that the N ) MEs satisfy the following two conditions:

() Whenm=r= max{z, j}, the N *) MEs in the U(r) basis factorize as

)\I >\r )\, /\r I_.l )‘r—l
=( "IN ’ ; S8
< W W> <,\;_1 A1 > < w_ || Wy > (58)

where P=C"', p=C' when r=j>i, P= Cj, p=C when r=i>j and
P =1p=0whenr =1i=j. Theshiftlabelsocorr are given by the irrep labels A,_;
and A _,, while A, and A} uniquely determine the label x. For example, A\, = (a, b)
and X (a—1,b+2) imply immediately that x=+. We shall refer to
r = max{z, 7} as a turning point, since below this level the vector operators C and
or the identity, come into play and determine the second factor in (58). We shall
a{so call the first factor in (58) an N—p connecting factor for U(r) = U(r — 1), since
it provides a connection between the operators N and P = C', C and 1. The MEs
of P for the C' and C type operators in the U(r — 1) basis are given by scaled CG
factors, eq. (25), as shown in section 3.
(ii) When m>1,j, i.e. for levels above the turning point r, the N,-(j") ME:s in U(m)

P

basis factorize as
Ao |t ’\’">=< M|y A >< Mt || Am- > (59)
Wil | Wa Ay A1 W U W1

The first factor on the right-hand side, that depends on the U(m) and U(m l;
irreps, will be referred to as the N-factor, while the second factor represents an N,
matrix element in the U(m — 1) basis. The labels « and «’ are uniquely determmed
by the irrep labels A, X, and A,—1, X/ _,, respectively. If there is no operator in the
set N;; that can shift )\m_l into A}, _,, the corresponding N-factor is defined as zero.
The first condition, eq. (58), may easily be shown to hold, since the action of
operators P is multiplicity free, and represents in fact another form of the WE theo-
rem. The second condition, eq. (59), on the other hand, represents a new require-
ment and cannot be proved using the WE theorem, since there are two zero-shift
adjoint tensors when A,_; = X,,_,. Indeed, according to the WE theorem the
right-hand side of eq. (59) should involve a sum over MEs of both N ) and Ej, so
that the valldlty of the second condition, eq. (59), may only be fulﬁlled if we can
define N; ©) jnsucha way that the Ej; and N () MEs are independently determined.
Unfortunately, there is no general theorern that would ascertain the existence of
such a factorization. We have thus proceeded in such a way that we first derived the
form of the scalar factors 7 using special cases in which the above conjecture is ful-
filled. Of course, the N;; operators are not uniquely determined by conditions (58)
and (59), since any constant multiple of Nj’s or, equivalently, of irrep dependent
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scalar factors 7, will also satisfy these conditions, although with different N and
N-p factors. We may thus exploit this freedom to obtain N and N—p factors that are
as simple as possible and satisfy the desirable symmetry properties. In this search
for optimal 7 factors it is important to realize that while the non-zero shift tensors
N,.S.Jr) and N,g.—) are essentially unique (except for the adjustable factors n(+)(b) and
n\=)(b), respectively, that may be chosen in an optimal way just mentioned), this is
not the case for the zero-shift tensor N ,.(jo) that is essentially determined by the ratio
of néo)(b) and ngo)(b). The overall scaling factor may then again be chosen in such
a way that symmetric and simple N and N—p factors result.

Following this procedure, we arrived to the following optimal form for the irrep
dependent scalar factors 7:

b+2 -
1) = \/m:ﬂ( JB+1),

n00) =1 = [P)] (60)
Defining, thus, the &, ,S-”) operators acting on an (a, b) irrep module as follows

N{T = %‘}; ctez, (61a)

Ny = (1~ ‘5”’“)( _’%}Ciuq; - 2(1;[;2) Cizfcjz)? (61b)

Ny = Q-Z—l cict, (61c)

we were able to show that egs. (58) and (59) are satisfied in all possible cases, thus
proving our conjecture for the case of two-column irreps. At the same time, we
derived explicit expressions for the N and N—p connecting factors.

To illustrate this procedure, let us first consider the MEs of an operator
]Vig-“ = C}TC]? in the U(m) basis with m>i,j. Taking A, = (a,b), so that
X = (a—1,b+ 2),and using the resolution of the identity, we can write

I > e =1 L)
m m Um m m
x<(a_1(}:+1) 2 (‘;’/i)>. (62)

The sum over U, is obviously equivalent to the sum over p,,—1 and Uy,_1, tim—1
being the U(m — 1) irrep label for the intermediate configuration |U,). Since
I, j <m, the occupancy of the mth orbital must be the same in the bra and in the ket,
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i.e.in W) and W,,. Assuming that this orbital is singly occupied and m appears in
the second column of both W, and W,, (other cases may be treated in a similar
way), we have that X, | = (a —2,b+ 3) and \,,—1 = (a — 1,b + 1). Then the only
possible value for p,,,—1 is (@ — 2, b + 2), so that relying on eq. (25) and factorization
of CG coefficients in terms of isoscalar factors (see Part I and eq. (24)), we get

@:((a—l,b+l) (0,1)

(a—1,6+2)\V¥
(a—2,b+2) (0,1) )

(am27b+3)

(a—1,b+1) (0,1)] (a,b) )

((a—Z,b+2) (0,1) (a—l,b+l))
()

(g )
S e

where we used the explicit form of scaled isoscalar factors (see table 1) in the last
step and deleted the sum over intermediate states at the U(m — 1) level. The result-
ing factor —[(b+2)(b + 4))'%/(b + 3) thus represents the N-factor for the choice
nH)(b) = 1. Using the properly scaled definition (61a) we thus get

(a—1,b+2) (a,b)
<(a—2,b+3) N (a—l,b+l)>

b+3( JO+2)(b+4)\ b+3
2\/b+2<— 543 )\/1:+4"*1’ (64)

since the operator C,.”Cj2 on the right-hand side of eq. (63) must be replaced by
V(b+4)/(b+3) C}‘LCj2 (itnow actsontheirrep (a — 1,5 + 1)). We also see that the
chosen scaling simplifies the resulting N-factor. It is worth emphasizing that the
choice given by eqgs. (60) and (61) was made after we examined all relevant cases as
well as MEs of spin-dependent operators that will be the subject of future commu-
nications.

To illustrate the choice for the ratio of ngo) (b) and ngo) (b), we now choose the
same irrep at the U(m—1) level in the matrix element ©, eq. (62), ie.
X1 = Am—1 = (@ —1,b+ 1), which implies that m is singly occupied in the first
column of W), and the second column of W,,. With this choice, the irrep p,,—; can
take on two distinct values, namely (@ — 1,b) and (@ — 2,5 + 2). Expressing again
the MEs of C operators as a product of the U(m) > U(m — 1) isoscalar factor and
U(m — 1) ME, we can write
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®= b+3{(W—1ﬁ+i)(mU w-Lb+m)m

b+2\\ (a-1,6) (O,D|(@a-1,6+1)

(a-1,6+1) (0,1) (a,b) ©
X( (a—lb) (0, 1) (a—lb-l—l))

(a—1,b) —1,b+1)

XUE,,,:I< >< ml Wm-—l >

(a—l,b+1) 0,1)] (a—=1,6+2)\¥

((a—z,b+2) (0,1) a——lb+l>

(a-1,b+1) (0,1) (a,b) )
X((a~2,b+2) ©0,1)( a—lb+1)

(@=1,b+1)| ,( 2b+2)

Z< oy | )

(@=2,6+2)| ,|(a- 1b+1
8 < Vm—l 7 Wm—l >} . (65)

The sums over U,,_; and V,,_; result in MEs of C}TC} and C,.ZT Cj2 operators, so
that using the explicit form of the isoscalar factors (table 1) we get

0= ( )b+1
§ ( Lo+ 1] e bl sl (a=Lb+ 1)
W, /b3 Winoi

Thus, in order that the second factorizatlon eq. (59), holds, it is necessary that we
choose for the ratio of 775 and 77§ the value

n ()/mf” —b/(b+2), (67)

assuming that the operators act on the irrep module (g, b) (note that in eq. (66) the
operators are acting on the (a — 1,5 + 1) irrep module). Thus, with the definition
of NO eq. (61b), we find for the relevant N-factor the value

ij oo
(a,b) >_ b+3, 1 [+

(a—1,b+2)
<(a—-1,b+l)lN (a—1,b+1) p2 V51V 513

(66)

) 1/2
= _[(b+ 1)(b+2)] : (68)

This calculation may be easily repeated for other cases. Remarkably enough, we
always get the same value, eq. (67), for the ratio of n(o) and 7, © when acting on the
(a,b) irrep module. For example, considering the N; (=) ME with X,o=(a+1,
b—2), An={(a, b), X,y =In-1=1(a, b—1), we get for this ratio the value
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—(b—1) /(b+1), since the operators are now acting on the (a,b — 1) module. We
can thus verify that the operators N *) defined by egs. (61) do indeed satisfy condi-
tion (59) in all possible cases. At the same time we obtain explicit values for nonvan-
ishing N-factors that are collected in table 5 and possess the following symmetry

property
/\’Nz/>_<1/ )\'> (69)
A v/ \v A/

In a similar way we can derive explicit expressions for the N-C', N—~C and N-0
connecting factors: we simply take m = r = max{i,j} and consider all possible
occupancies of the rth level. These connecting factors are essentially given by the
product of two scaled isoscalar factors for vector operators in which at least one of
the two (0, 1) irreps reduces to the scalar (0, 0) irrep. We find that these factors
satisfy the following symmetry properties

N

NI ELE WL 70
<,\ v/g \vlIx/e 2\l a/y *
and
! 1
HIARHIAN
A v/e v A/ et
Table 5
NafaZtors <)‘ lN } (a;b) >, required for MEs of N operators. The unnecessary (1 — §,0) factors
are omitted.
N A v N
(a—1,b+2) (@a—2,b+2) (a—1,b) 1
(a—1,b+1) (a,b—1) —[b(b+3)/ b+1)(lb+2) )12
(a-1,b+1) (a-1,b+1) [2/(b+1)(b+2)
(a—2,b+3) (@-1,b+1)
(a,b) (a—1,8) (a—1,b) 1 — b
(a,6—1) (a,6~1) (6 ~1>(b+2)/b<b+1)1"2
(a,b—1) (a—-1,b+1) [2/(b+1)(b+2)l
(a=-1,b+1) (a,b 1) ——[2/(b+1)(b+2)]
(@~1,b+1) (@-1,b+1) [b(b +3)/(b + 1)(b +2)]'/*
{a+1,b-2) (a,b—2) (@a—1,b) 1
(@a+1,b-3) (a,b—1) ~[(b— 2)(b+12)/(b-. 1)b)'/2
(a,b—1) (d,b~1) ~[2/(b - 1)8]"
(a,b—1) (@a-1,b+1) -1
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Table 6 N | (aB)
N-0 connecting factors < \ ’N :\ > . (Unnecessary (1 — &) factor is omitted.) The symbol
{x/y} is defined in eq. (71). 0
N A N-0
(a-1,b+2) (a—1,b+1) {3/2}
(ai b) (a - lyb) 0
(a,b-1) (2/0}/v2
(a-1,b+1) —{0/2}/v2
(a,b) 0
(a+1’b_2) (avb—'l) {1/0}

Their explicit values are collected in tables 6 and 7. Here and in the following it is
convenient to define the symbol (cf. ref. [37])

ki) =/, )

which enables a more compact representation of the resulting connecting factors
(corresponding to the segment values of refs. [4,37] or ref. [11]) and is used in tables
6,7,9,10,12 and 13.

In summar?'3 applying successively our factorization rules, egs. (58) and (59),
the MEs of N,-j“ , (k = 4,0, —) tensors, egs. (61), may be expressed as a single pro-
duct of level segment values. Proceeding from the top level downwards, these seg-
ment values are given, respectively, by the N-factors (from the top level n to the
turning level r), an N—(C7, C, 0) connecting factor at level r, and vector operator
scaled isoscalar factors for levels below r. When i = j, no segment values are needed
for levels below r. Thus, for example, when i <j = r, we have that

Table 7 A\ b)

N-Ct connecting factors < A\ IN (a, > . (Unnecessary (1 — 850) factor is omitted.) The symbol

{x/y} is defined in eq. (71)) Vi

N A v N-C!

(a—-1,b+2) (@a—1,b+1) (a—1,b) -{3/1}

. {a—1,b+2) (a—1,b+1) {3/2}

(avb) (a1b—1) (a_ l’b) _{2/1}/ﬁ
(a_11b+1) (a_lvb) {0/1}/\/i
(a’ b) (a: b— 1) {2/0}/\/2
(a,b) (a-1,b+1) —{0/2}/v2

(a+1,b-2) (a,b-1) (a-1,b) -1
(a+1,b~-2) (a,6-1) {1/0}
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< )\;1 An > _ ﬁ < )\’ e > X. A >
w, Wn k=j+1 N Ae—1 )\,'_1 Aic1 /
=y M (O,1)] A ) YRR () i-1
’ l by 72
X {kgl(kk-x (0,1) | X _ 1) (,\H (0,0) ! ) H M - (72)

To conclude this section, we express the C! (] tensors in terms of the Ej; and
N () operators. Inverting egs. (56) and (61) we get

N N

b+2

clct =[5 i S (73a)

cHet = /L N 73b

CG =\ N (73b)
b 1 [b(b+2)

1t 1 ©) 73

GG =BTV 2z M (73¢)
b+2 1 [b(b+2) 0

2t 2 o ©) 73

GG= 2(b+1)E" b+1 7 i (73d)

Hence, the MEs of C; TC2 and CZTC1 operators are simply related with the MEs of
N,(+) and N; () ) tensors, respcctlvely, both given by a single product of segment
values The MEs of C; I/fCI and C C2 operators, on the other hand, are given by the
sum of two terms correspondlng to the ME:s of Ej and N; 0 tensors, each of which
is expressible as a single product of segment values.

7. Two-body operators

We now finally turn our attention to generator products that appear in the two-
electron part of the electronic Hamiltonian. In fact, it is both more appropriate
and simpler to directly consider the MEs of two-body operators ej;, whose second
quantized formis

ekl = Z X,];anme m' Xim » (74)
mm'=a,f3

with X m(XJ,,,) designating the creation (annihilation) operator associated with the
orthonormal spin orbital [jm). Expressing the two-body operators ej; in terms of
U(n) generators, we get a product term as well as a linear correcting term, namely

et = ExEy — SucEy , (75)

as is well known [2,3]. Using the relationship between the U(n) generators and our
vector operators, eq. (56), we can write for the generator product
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ExEy =Y ExCl'Cl =3 (CT By + 61T CP
o o
= Z C';YTC,-ﬁC;:Cf + 6 Ey (76)

o,
where we have used property (15) in the second step. Thus, we have that

Cikjl = Ex‘kEjl - 5jkEiI = Z C,OT C,TTCZCET ) (77)
is complete analogy to the second quantized form, eq. (74). In fact, this correspon-
dence may be extended to the general k-body case,

Sooaitept. e cpap

2 h
T‘ sz"’"l‘r}

= D XX Xl X X X, (78)
my ny,... Mg
where the right-hand side sum extends over all spins and the left-hand side one
over operator patterns. This correspondence, eq. (78), may be easily proved since
the second quantization operators Xt and X have the same properties as the vector
operators Ct and C under the action of U(n) generators, namely

(B, XL| = 65X [y Xion] = ~80Xim, By =Y X} Xom. (79)
m

Consequently, both sides of the correspondence relationship, eq. (78), are identical
when expressed in terms of U(n) generators. This correspondence enables us to
express k-body operators in terms of U(n) tensors. We must, however, emphasize
that this correspondence relationship expresses only a formal similarity between
the vector operators C!, C and second quantization operators X, X since they are
defined in different groups: while the vector operators CT and C act on the orbital
group U(n) modules, the second quantization operators X' and X act on the mod-
ules of the spin orbital group U(2#n). The real meaning of this correspondence, eq.
(78), is that we can either couple the fundamental U(n) tensors CT and C within the
U(n) framework to obtain higher rank U(n) tensors, for example the two-body
operators in eq. (77), or we can express these U(n) operators as spin contractions of
U(2n) operators, asineq. (74).

The first step in evaluating the two-body MEs is to classify the operators ey,
as was first done by Paldus and Boyle [37]. Without restricting the generality of our
considerations, we can assume that / is the largest label, i.e. / = max{i,j, k,},
since

e — el =l
Cikjl = €jiik = €fjji = Ciyj- (80)

We also assume that none of the generators involved in the product is a weight gen-
erator, i.e. that i # k and j # /, since this case reduces to a single generator case.
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The possible cases that arise are listed in table 8, where we also indicate the relation-
ship with the classification given by Paldus and Boyle [37]. Moreover, the first
case, when there is no overlap of generator regions [, k] and [/, /], also reduces to a
single generator case, since the ME in this case equals a simple product of ME’s of
the generators involved. Finally, we recall that the irrep labels in the bra and the
ket associated with the subgroups U(m) with m>[=max{ij,k, [} and
m<p = min{i,j, k, [} must be identical lest the ME vanish, i.e.

A A " A N\ [
= 6 i 5 ! . 81
< W W> (,Ll, *"'*'")< W W1> (Izll Ao (8)

In the following developments we shall thus assume this requirement to be satisfied
so that we can evaluate the required MEs in the U(/) basis.

The tensor operator formalism that we briefly outlined at the outset of this
paper offers numerous possibilities for the evaluation of the required MEs. The
most obvious procedure is to decompose the operator, whose matrix elements we
wish to evaluate, into its irreducible components and apply the WE theorem. In the
case of two-body operators (77) we can expect the resulting irreducible tensors to
contain two Ct-type and two C-type operators. We shall examine this possibility
more closely in our future communication [46] dealing with spin-dependent opera-
tors when more general two-body operators (non spin-preserving) must be consid-
ered. In this paper we shall follow a simpler route expressing MEs of two-body
operators in terms of MEs of various tensor operators considered in the preceding
sections. We thus first establish the relationship between the e operators and vec-
tor, symmetric, antisymmetric and adjoint tensors.

We start by examining the possibilities at the highest level / = max{i,j, k,[}.
Since we exclude trivial weight generators (i # k,j # /), at most two labels can be
identical, so that we must distinguish three cases, namely (i) e, with i, j, k </, (ii)
eiji and (111) ex7, which we now consider in turn:

(1) The first possibility, ex.z (i,7,k<I), arises in cases 2, 4 and 6 of table 8 (recall
that case 1 of table 8 reduces to a simple product of single generator MEs and

€ik;jl Cikyjl

Table 8
Classification of two-body operators ey.; and its relationship with the classification of Paldus and
Boyle (PB) [37].

Case Condition PB [37]
1 i<k<j<l, k<i<j<lI al, bl

2 k<i=j<l, i<j=k<i a2, b2

3 igj<k =1 a6, al

4 i<j<k<l, j<i<k<l a3, a4, a5
5 J<k<i=1 b6,57

6 i<k<i<l, k<j<i<l b3, b4, b5
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need not be considered here). Using the definition of ex,; in terms of U(n) [or
U(l)] generators, eq. (75), we can write

Al DY, Al i Hi Al
e ) = it — E; E:
ekt <W,’ il W,> #Zh(,l<w; ik U,><U, 7l W,>
Al [ A 82
Nwi | w /) (82)

where p; = A and, moreover, p;—; = Aj_; since i,k </. Reducing matrix elements
of E; and Ej; generators using eq. (30) and subsequently exploiting commutation

relation (15),we get
Al Al Al Al-1
ity = < E >< Gj; >, 83
i/ /\?_1 /\1_1 pVII-l Jiik VVI—I ( )
where we defined a new operator
o = By, (83)

with o given by the irreps at the U(/ — 1) level,
M1+ o= /\;_1 . (83")

We thus find that the required ME (e is given by the product of a generator
RME for U(/) o U(/ — 1) and a ME of a G-type operator in the U(/ — 1) basis. We
now proceed with our examination of basic types at the /th level and will return to
the evaluation of the G-type MEs later on (see also our work on spin-dependent
operators [46]). Thus, the ME of ex.;;, eq. (82), may be expressed in the form

N A > </\f_1 -1 >
> = , 84
et <$_1 le Mot/ g\ WL, Wiy (34)

where we introduced the so-called e~G connecting factor
A (s)
DR (85)

<>\1 )\1>_<)\1E>\1>_<)\1
Mol I /g NAL T T Y P

i.e. as a product of an e-G connecting factor for U(/) o U(/ — 1) levels and a ME
of a G-operator in the U(/ — 1) basis.

(ii) The second possibility, ey (i, </) arises in case 3 of table 8 and produces a
vanishing ME unless / is doubly occupied in the ket and unoccupied in the bra. Set-

ting \; = (a, b) we can write
(a,b) >
24}

(a,b)
c'ciicicl + cl'ciicic?

o
Gj ik

e E

€irji

<ei1;j1> = < Wz’

(42 W w

Wi
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since the shift labels of two C; operators cannot be the same. Employing, thus,
egs. (53) and subsequently using eq. (50) we finally get

i) = lf ZT b+2 21\ ” 1,b)
<e""'>_<W1’1 i +\/b+ I )
- 12/ (@=1,0)
(14 6;) < - [U] ,_1>
_/@b)| | (ab) (@=1,6) (1,0)(a,d)\®
- <(a b) ¢ (a—l b)> < Wi [lj] ll 1> 3 (87)

where, for the sake of consistency, we introduced in the last step the e-S connecting
factor (S stands for a symmetric tensor), given by (1 + &;) 12 Note that the contri-
bution from the antisymmetric tensor cancels out, so that formally

() e, (o ety

(iii) In the last case, ex,; (j,k<I), corresponding to case 5 of table 8, we can
write

ikl = Z C}ﬁEIkC;’, (89)
so that
lewji) = < elkji >
Al
- cet| # >< £ m> <uz cr >
U:#I>UI:VI< WI U Ui . Vi Vi Wi
Al w\ /| lm N\ om (0,1)] A \@
_ cet >< E >( ) o0
,,};,<W1’ o /\Nu!™\vi/\na 0,0 0) (90)

where V;_; = W;_; and p; = A; — 0. In the last step we employed eq. (25") at the
U(J) level. Employing, next, egs. (30), (32) and (27) for the generator matrix ele-
ments and eq. (25”) with n = [ for the vector operator matrix elements, we find that
the ME (90) reduces to

N—o (0,1 N >(”<Az—a A1—‘7>
. E
ey = ;(,\;1_7 0,1) | N_, Ai-1 Ao =T
M=o O] N \9/ X A
() Gloela). o
Mo (0,0) | Aoy I-1 e

where p = A_; — Aj_; + 7. We can then express the ME of CTJr C? in terms of MEs
of Ej and N, (k “ tensors using egs. (73a)—(73d), so that we can ﬁnally write
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Al Al -1 Ai-1
eyt =< e > < Ej >
y )‘;—1 A1/ g Wll—l ’ Wi
M l o > < 11 | nr(e) >\1-1>
+ e N; , 92
<’\;—1 A1/ w 1’-1 s Wi ( )

where k = +,0 or — is uniquely fixed by the irreps A;_; and Xj_; (in fact, for
p—T=Xo1—A_; =1, k=+forp—7=-1,k=—and for p = 7,k = 0; recall
that for the shift labels o,7,p we use the convention that o =1=(0,1) and
o =2 = (1,-1)). Thus, the e—F and e—N connecting factors depend on two isosca-
lar factors and an RME appearing in eq. (91) as well as on the coefficients relating
the adjoint tensor components with Ej; and Ni(." ) tensors, eq. (73a)—(73d). It must
be remembered that the latter coefficients are irrep label dependent. We have col-
lected all the relevant e—E and e-N factorsintable9.

To illustrate how the results listed in table 9 may be easily derived, we provide
an example. Clearly, in this case, the /th orbital must have the same occupancy in
the bra and in the ket. We set \; = (a, b) and assume, for example, that the /th level
is singly occupied in the first column of both W; and W), so that
M-t = A_; = (a,b — 1). Then the second isoscalar factor on the right-hand side of
eq. (91) vanishes unless o = 1, in which case \; — o = (a,b — 1). Further, since
M-1=Aj_,, we have that p=7 and thus for p=7=1 we find that

' | —7={(a,b—2)whileforp=7=2wehave _, — 7 = (a — 1,b). Finding the
appropriate values for the resulting isoscalar factors from table 1 and of the corre-
sponding RMEs from table 2, eq. (91) yields in this case

(a,b) (a,b)
(a,b— 1) elk.ﬂ (a,b—l)
I-1 Wi
(@,b—1)| 14 [P (a,b—-1)>
= — C.'C,+——C"C . 93
< 1-1 ’ k+b+1 N ®3)
Table 9 @,5)| | (a,b)
e~-E and 'e-N connecting factors < 3‘ e z,/ > , providing top segment value at level
EN

i = I{(>j,k) for the evaluation of ez MEs in terms of MEs of Ej and N](,f) operators. Notation of
eq. (71) is employed.

A

v e-E e-N K
(a,b) (a,b) 0 0 0
(a,b—1) (a,b—1) -1/2 —{-1/1}/V2 0
(@a—1,b+1) (a—1,b+1) -1/2 (3/1}/v2 0
(a,b—1) (a—1,b+1) 0 {0/1} -
(a—1,b+1) (a,b-1) 0 {0/1} +
(a—1,b) (a—1,b) -1 0 0
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Recalling (eqgs. (73c), (73d)) that

vt b=1_ 1 [B=DGFD .
GG = T 2 Ny, (942)
2o b+l 1 [B-DG+1)
GG =55 Ew 7N (4b)

when acting on the (a, b — 1) irrep module, we finally find that

and

(a,b) (a,b)
1/(a,b-1) (a,b—1)
a,b—1)leg|(a,b—1) ) =—= i
Lol G QIO N
b—1 /(@b=1)| q|(@b-1)
B 2(b+1)< A A 7 > 45)

yielding immediately the e-F and e-N factors (as well as x) listed in the second
row of table 9. Other cases are treated in an analogous way. It is worth noting that
the e~F and e—N connecting factors are symmetric

Gl =GR

n
as follows from table 9.

We now return to the evaluation of G-type MEs that are required in case (i)
above, eq. (84). Introducing again the resolution of the identity,

< Mot | o | A >
Wi ik Wi-1

!

-1 -1 Hi-1 A1

o E P )
pin U N Vi1 I-1 1-1 I-1

we see immediately that we must have that p, = A, for m=1-1,1-2,....s
where s = max{i, k}. In fact, it is convenient to choose r = max{i,j, k} >.s and to
reduce the right-hand side MEs to the U(r) basis. This is easily achieved realizing
that the Ej MEs are the same in both U(/ — 1) and U(r) (in fact U(s)) bases, while

stepping down each level in the MEs of CJ‘.’T introduces an appropriate isoscalar fac-
tor, eq. (25”), so that

e e

>X, X=EN (96)

]

(Gfu?

(G7,)> = ﬁ ( Mmoo (0,1)] A, )‘”<,\; . ,\,>
g wmrit \Am=1 (0, 1) [ A, w! i gy /"

r = max{i,j, k}. (97)



X. Li, J. Paldus / Unitary group tensor algebras. Il 307

After the rth level, only MEs of simpler tensors, that were considered earlier, can
appear. Four cases may arise at this step that we now consider in turn (we again
ignore the trivial case when there is no overlap of generator regions):

(a) When k<i =j = r,r = max{i,j, k}, the G operator ME reduces to the ME
of C7, since the ME of C°Jr in U({) basis is given by a simple isoscalar factor, eq.
(25"), while the ME of Ej; is given by the product of a RME of E and the ME of C] in
the U(i — 1) basis. We thus get

- Ai >
Wi

Gl ) = 2l )
V)

_ ( NP )("
S\ (0,0) [N
<ol )
l-— x 1
A X_, (0,1 «)
Yo k) - om
Aici/ e\ Wiy Wi
where X_; + 7 = \;_; and where we defined the G—C connecting factor

= G
=(ud
! I
Gl G o) Gl ) e
Ml i/ e \AL (0,0) A Ai-1 Aot

In fact, since the ith level must be doubly occupied in the bra and unoccupied in
the ket, we must have that A} = (q,b) and X;_, = (a — 1,b), while X; = X\;_;. The
only possible values for the latter irrep labels v = \; = A;_; that yield a nonvanish-
ing isoscalar factor on the right-hand side of eq. (99) are v = (a,b— 1) and
v = (a—1,b+ 1), asmay easily be seen from table 1. Since in each case the relevant
RME equals 1, the G—C connecting factors are in fact given by the isoscalar factor
on the right-hand side of eq. (99). The possible values of this connecting factor are
listed in table 10.

(b) In a similar way, wheni <j = k = r = max{i, j, k}, we find that

Ak>_( A (O, N )m
We/  \ Ny (0,00 X,

Ey

G

o

Ne
< Wllc Gk,xk

NRETERS
)‘;c—l )\k—l Wk- Wk_
bV A A («)
E<,kG "><"‘ (’- ">, (100)
MNeet | 1M1 /ot \ Wi k-1

where M\¢_; + 7 = X,_, and where we defined the G— C' connecting factor
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Table 10 (a,6)| |V

G-C connecting factors < 3\ IGI Y > , providing connection between the MEs of Giy = C,‘”\ Ey
c

and C] operators at level i =j (>k). Since { must be doubly occupied in the bra and unoccupied
in the ket, we can only have that A = (a — 1,b) and v/ = v. Definition (71) is employed,

v G-C

(a,b—1) {0/1}
(a—1,b+1) {2/1}
Y M > ( M (0,1)] N )(S>< e ' e >
G - E . 101
<A;c-1 o o iy 0,0 ) S 1B (101)

The relevant values of this factor are listed in table 11.

(c) The next possibility arises when k = r = max{,j, k}, i.e. when i,j <k = r. In
this case we reduce the ME of C}‘-’T using eq. (25") withn = k to the ME of C7 " in the
U(k — 1) basis times an appropriate isoscalar factor, while the generator matrix
element is expressed as a product of a corresponding RME and ME of C7 " in the
U(i — 1) basis using eq. (30). Eliminating then the sum over intermediate states we

get
by A A 0,)] A \Y/ A
(wl ) =20 b))
Wl 7 W —\ -1 +7 (0,1) [ A, Ml + T Mot
py M
><< el uf 1 > (102)
k-1 k-1

where p = A,_; — M1 — 7. It is now straightforward to express the pairing opera-

Table 11 (@,b)] |
G-C' connecting factors < 3\ G u> , providing connection between the MEs of
ct

Giu = Cwa and C7' operators at level j = k (>1).

Vo A v G-Ct

(a,b—1) (a—1,b) (a-1,b-1) 1
(a,b-1) (a,b—2) 1
(a,b—1) (a—1,b) 1
(a—-1,b+1) (a,b+2) 0
(a—1,b+1) (a—1;b) 0

(a—-1,b+1) (a—1,b) (a—2,6+1) 1
(a,b—1) (a—1,b) 0
(a,b—1) (a—2,b+2) 0
(a—-1,b+1) (a-1,b) 1
(a-1,b+1) (a—-2,b+2) 1
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tor C}’T C! " MEs in terms of those for symmetric and antisymmetric tensors by
employing eqgs. (47)—(51). Introducing again appropriate G-S and G—4 connecting

factors, we obtain
(o ) =( el 2 ) (2r ) K y?
Wi | 7% wi Net | 1M1 / s\ Wit i) | W,

G

X A Mt (0,2){ M\ ©@
+< ,k k > < k—1 ( 3 ) k,—1 > ) (103)
)‘k—l A1 A Wi [l]] Wk—l

All possible G-S and G—A4 connecting factors are given in table 12. To illustrate
their evaluation, we consider the following example.

Consider the case that level k is unoccupied in W}, but is singly occupied in the
second column of Wj. Thus, setting X, = (a, b), we have that ), = (a,b—1) and
A1 = (a,0), 1 = (@ —1,b). Now, for 7=1=(0,1), we have p= (a,b)
—(a—=1,b)—7=(1,0)—7=(1,-1)=2 and for 7=2=(1,~1), p=(1,0)
—(1,-1) = (0,1) = 1. However, both the isoscalar factor and the RME on the
right-hand side of eq. (102) vanish when 7 = 1, so that we get

(a,b) (a,b— 1)
a,b - ’b
(a,) |Giy| (a—1,b) =<( ) (aWkl_l )>‘

1 21
G'c

(104)

!

Wi Wi-1 !
Thus, applying eqs. (50) and (51) we find for the desired connecting factors the fol-

lowing values
(a$b) (a’b_ l)> 1 1/2 b
G =14 6;5) "\[+—, 105
<(a,b) (a-1,b)/¢ 1+ ) b+1 (105a)

Table 12 (a, )
G-S and G-A4 connecting factors < a}\

G’:’:> , providing connection between the MEs of
5.4

Gy = C}"“ Ejy and MEs of symmetric and antisymmetric tensors of [ij] at level k(>{,7). We define
sj = (1+ 85)"/%/2 and use notation of eq. (71). Unnecessary (1 — &) factors are avoided.

v A v G-S G-A .
(a,6—1) (a,b) (a,b—2) 0 a;/ V2
(a,b) (a—1,b) 55{0/1} a;{2/1}/2
(a,b—l) (anl,b—l) —Sij —a,,{—l/l}/.'l
(a-1,b+1) (a-1,b-1) 0 a;{2/1}/v2
(a—-1,6+1) (a,b) (a—2,b+2) 0 ag/V2
(a,b) (a—-1,b) sp{2/1} —a;{0/1}/2
(@a=1,6+1) (@a=2,b+1) —S8i ay{3/1}/2
(a,6-1) (a-2,b+1) 0 a;{0/1}/v2
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(a,b) (a,b—1)> b+2

G =1a;(1 -6 —_ 105b

<(a,b) (a-1,b)/, (1= S0\ 5 (105b)

with a;; defined by eq. (48). The remaining possibilities are treated in a similar man-
ner and the results are collected in table 12.

(d) The last possibility occurs when i = r = max{i,j,k}, i.e. when j k<i=r,

which leads to G—E and G—N connecting factors. Similarly as in the preceding case

(c) we find that
)\:. - Ai A (0 1) 1 ©
<in/ Gj;ik pVi>_Z()\i.l—'r (0 1) ) < 11“ ” _T>

et

i1
x (=l =, 106
< Wi, Wi > (106)
wherep = Aoy — X_; + 7. Expressmg the MEs of U f C" in terms of MEs of genera-
tors Ej and adjoint tensors N ( ), egs. (73), and mtroducmg the corresponding

G-E and G-N connecting factors we can write

Corlei ) =i o, ) (o
wi Wi Mol 1 /g N W
A1
>, (107)

Jiik
(.o
’\:'—1 Aim1 N Wil— Wio1

where « is implied by the irrep labels A;_, and A;_;. All possible connecting factors
of the G—F and G-N types, together with the corresponding superscripts «, are
listed in table 13.

As an example of evaluating these connecting factors, consider the case charac-

E.

i
“jk
i-1

s

Table 13

G-E and G-N connecting factors (as\b) G v , providing connection between the MEs of
EN

G; T = C"* Ejy and MEs of Ej and Ny *) at level i (>J,k). Definition (71) is employed.

v A v G-E G-N K
(a,b-1) (a,b—1) (a,b—1) -1/2 ~{-1/1}/V2 0
(a—1,b+1) (a,b-1) 0 {0/1} +
(a—1,b) (a,b—2) 0 ~{-1/1} +
(a—1,b) (a—1,b) —{0/1}/2 -{2/1}/V2 0
(a—1,b+1) (a,b-1) (a—-1,b+1) 0 {0/1} -
(@a-1,b+1) (a—1,b+1) —1/2 (3/1}/v2 0
(a—1,b) (a—1,b) -{2/1}/2 {0/1}/v2 0
(a—1,b) (a—-2,b+2) 0 -1 -
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terized by the irreps X; = (a,b) and A\; = A\_; = A,_, = (a,b—1). In this case
p = 7and we obtain from eq. (106) that

(a,b) (a,b—1)
(a,b—=1) |G| (a,b-1)
Wi Wi-i
. (a:b“l) 1t ~1 1 2t 2 (aab—‘l)
=y Vet ggaral )
1 /(ab-1) (a,b—1)
T2\ wL, [
b—1 (a,b-1) o] (@b-1)
‘\/2(b+1)< we, Y] w > (108)

yielding the first row of table 13.

This completes the evaluation of required connecting factors or segment values
in terms of which MEs of any two-body operator may be expressed, similarly as
first derived by Paldus and Boyle [37] (cf. also ref. [36] for segmentation formulas
based on the Sy formalism). The required MEs are thus expressed in the following

Al

“segmented” form
s> = o )
el =
ikyjl I’VI, le

= 11 er;{ II wa.+ II wap I %2, (109)

m;te szQz my Eﬂl m;EQ;

€ik;jl

where WZ(Z = P, X, Y, Q) designates an appropriate mth level segment value of
type Z that depends solely on the bra and the ket irrep labels of U(m) and U(m — 1)
subgroups. Depending on the type, the segment values are given by various con-
necting and scaled isoscalar factors. The index set Q, designates the overlap region
of the corresponding generator ranges [, k] N [/, /], where the symmetric and anti-
symmetric tensor (X = S, Y = A4) or adjoint tensors (X = E, Y = N) come into
play. The sets Q; and Q3 correspond then to single generator regions, where the fac-
tors pertinent to the evaluation of one-body MEs (section 4) apply. We now indi-
cate the specific form of the generic expression (109) for all relevant cases listed in
table 8.

(1) As already stated, the first case when €, = @ reduces to the product of one-
body MEs that were handled in section 4.

(2) In case 2, again only a single product of segment values emerges. Thus,
when k <i = j <, we get from eqs. (84), (97) and (98) that
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-1 5)
N > 1 ( M (0,1)] X, ><

/\;-1 Al-1 G m=i+1 Am-1(0,1) A;n—l

XL A Nopo (0,1 A \©
() (e o
)‘i—l Ai-1 C Wf’—l k| Wi

or,wheni<j = k </ (using eq. (100) instead of eq. (98))

Al
e

ety =<

)\l )\1 11 A 0, 1 N {s)
ekl =< v > H ( n 0D e )
1—1 Al-1 G m=k+1 Am-1 (01 1) /\m——l
v < )‘;c G Ak > < Ak-1 (07 1)‘ )‘;c-—-l >(S) (111)
Ne—1 A-1/ ¢t \ Wit ] 1 ,

where the last CG factor represents a simple product of isoscalar factors (cf., e.g.,
eq. (24)).

(3) In case 3 of table 8, i.e. when i<j<k = [, the MEs {e;;;) are given by eq.
(87). The required symmetric tensor CG coefficients are evaluated using eq. (52) as
a simple product of relevant isoscalar factors (tables 1 and 3). Note that the irrep
(1, 0) remains unchanged from the (/ — 1)st level to the level r = max{i, j}, when it
changes to a single box irrep (0, 1) if i # j or to the trivial scalar irrep (0, 0) if i = j.
In the former case, the vector operator isoscalar factors are involved following
the rthlevel.

(4) In case 4 of table 8, when i#,j <k </, we encounter both symmetric and anti-
symmetric tensors in the overlap region (from the kth level to the level max{i, j}). In
view of egs. (84), (97) and (109) we have

M| N Lo (0,1)] A \©
=3 [, 1L ( ")
S VN PR ¥ B OV P
AL Y (e G ><‘>
Mot | et L g\ Wi ] | Wy
N, A Mt (0,2) X\ W
+<,"G "><"‘ ©.2) ","> . (112)
Ne—1 Mect / g\ Wit [5] | Wiy
When i <, both CG coefficients in curly bracket involve the same factor
)
Aot (0,1) X
it .)] L I (113)
Wi 1 W

corresponding to the non-overlap portion of the Ejy generator range, that can be
taken outside the curly bracket and represents in fact the W€ partineq. (109).

(5) In case 5 of table 8, i.e. when j<k<i =1, the MEs {ey;;) are given by eq.
(92) in terms of the MEs of Ej and Nj(,f) operators that were examined in detail in



X. Li, J. Paldus / Unitary group tensor algebras. II 313

sections 4 and 6. In this case, the W¥ part in eq. (109) equals 1. Following the level
max{j, k}, the MEs of Ej and Nj(,f) may contain the following common factor
RN |
k-1 .
1) U<b (14)

< }‘k—l b

Wi-1 k-1

representing the W2 part in eq. (109). Likewise, when k <j (which corresponds in
fact to the case c6 of ref. [37]), this factor becomes

o (01 Xy >‘~‘> (115)
Wi, k |Wi
(6) For the last case 6 of table 8, when j,k<i</, the overlap region involves

adjoint tensor operators Ej and Nj(,f) (from the ith level to the level max{j, k}). In
view of egs. (84), (97) and (107) we get
N ) (s
X1

Al Al > -l ( M (0,1)
e;
et < PV 1 At (0,
)\i-1>
Wi

G m=i+l
U
X {< i
i—1
i
, 116
Wi 1>} (116)

e

)\i_l E W,_
N
+ < :
Xt

Ai '
i1 > < Wi,

with « fixed by the irreps X!_; and A;_; (see also table 13). Again, following the level
max{j, k}, the MEs of Ej and Nj(,f) may possess a common factor (114) or (115) con-
stituting to W€ of the generic formula, eq. (109).

Ej

G N(K)

8. Conclusions

We have shown in this paper that within the orbital (or spin-free) U(n) formal-
ism one can introduce vector operators C’]”T and corresponding conjugate (or con-
tragredient) vector operators C7 that have similar properties as the creation and
annihilation operators of the second quantlzatlon formalism at the spin orbital

U(2n) level. Roughly speaking, the operators C” (C7) create (annihilate) a single
box, labelled with j, in the oth column of the Weyl tableau when acting on any U(n)
irrep state labelled by this tableau. They may thus be regarded as spin-free orbital
equivalents of the second quantization creation and annihilation spin orbital
operators X and Xj,, respectively.

We have further shown that products of these operators yield various tensor
operators that play a very useful role in calculating MEs of various one- and two-
body operators in the GT basis. Thus, products of two creation-like and two annihi-
lation-like operators form symmetric and antisymmetric tensors associated with
the irreps (1, 0) and (0, 2), respectively, while products of creation and an annihila-
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tion operators, C:’"r C7 represent components of a U(n) adjoint tensor. In fact, a sim-
ple sum of diagonal (i.e. o = 7) components represents U(n) generators Ej;, that
map any U(n) irrep module (a, b) into itself, while the off-diagonal ones (o # 7)
represent shift operators that take an (a,5) module into the (a — 1,5+ 2) and
(a+ 1,b — 2) modules, respectively (cf. egs. (61a) and (61c)). The remaining possi-
ble linear combination of diagonal-type operators, corresponding to the other
zero-shift component of a general adjoint tensor (assuming b # 0), is not, however,
a simple difference of the operators representing E;;, eq. (56). It is shown that a sui-
table choice for this zero-shift tensor operators results when the ratio of corre-
sponding (irrep dependent) ““coefficients” equals b/(b + 2). It is also shown that by
appropriate scaling of all quantities by the corresponding RMEs we achieve a
very simple, a-independent (i.e. only intermediate spin dependent given by the b-
label) formalism, that also naturally leads to a convenient phase convention that
corresponds to that chosen by Shavitt [4,11] (convention IIB of ref. [37]). All the
segment values that are required for the evaluation of various one- and two-body
MEs may then be easily expressed in terms of corresponding isoscalar factors (or
reduced Wigner coefficients) and RMEs and their explicit form derived. With the
scaling just mentioned, their form is extremely simple.

The introduction of vector operators such as Cf* and C7 may, in principle, be
avoided in developing the U(n) formalism for the evaluation of various MEs that
arise in quantum chemical applications, as is the case in all existing approaches to
this problem. This is also true when spin-dependent operators [41] or various
reduced density matrices [47] are considered. However, these operators not only
provide a very useful counterpart of the second quantization formalism at the spin-
adapted (or orbital) level and enable one of the simplest derivations of explicit
expressions for various segment values, but also throw new light on the existing
formalisms. In particular, it will be interesting to establish a detailed relationship
of the formalism developed in this series with a very general Green—Gould
approach, as well as to investigate the possible connection with the Clifford algebra
UGA [39] and U(n) universal enveloping algebra formalism [25] that proved to be
very helpful for a spin-adapted formulation of various many-body approaches
employing the effective Hamiltonian formalism (see, e.g., ref. [48]). It would thus
be worthwhile to examine more closely the algebra of these vector operators in
their own right and to establish its relationship with existing formalisms.

In subsequent communications of this series, we shall thus show how to exploit
this formalism when spin-dependent operators are present as well as when system
partitioning is employed [46]. We shall also indicate [49] how this approach is
related with the Green—Gould formalism, showing that CfJ‘ (C?) represent unique
vector (contragredient vector) operators whose squared RMEs are equal to the
characteristic roots of Green’s polynomial identities [42], corresponding to a given
U(n) irrep (a,b). Likewise, the close relationship between the zero-shift tensor
N ) and the Ajj operator [41], represeénted by a second degree polynomial in U(n)
generators, will be shown [49]. This operator plays a fundamental role in the UGA
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spin-dependent formalism [41] as well as in the theory of reduced density matrices
[47] and is worthy of further inquiry providing new insight into its structure and
role.
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